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Introduction
Analysis of data with endogenous regressors is arguably the main
contribution of econometrics to statistical science (according to Blundell
and Powell, 2006).
Some key developments in the literature include the invention of TSLS by
Theil (1953) (who is seemingly ridiculously under-cited), nonlinear
parametric models with additive non-Gaussian errors (e.g., Amemiya,
1974; Hansen, 1982), and semi- and nonparametric models (e.g., Newey
and Powell, 2003; Newey et al., 1999).
Today is meant as an introduction to identification in nonparametric
models with endogeneity, as well as to some of the key difficulties
associated with estimation.
The focus will be exclusively on additive nonparametric models.
Hopefully, we can turn to non-additive nonparametric settings with
endogeneity in future weeks.
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An Additive Nonparametric Model
Consider the setting
Y = g0 (X ) + U,

E [U|Z ] = 0,

(1)

where g0 denotes the true, unknown structural function of interest, X is a
vector of explanatory variables, and Z is a vector of instruments, and U
is a disturbance.
Taking conditional expectations, we obtain
Z
π(Z ) := E [Y |Z ] = E [g0 (X )|Z ] =

g0 (x )dF (x |Z ),

(2)

where F denotes the conditional c.d.f of X given Z . (Under some
technical conditions) π and F are unique functions of the data and are
thus identified.
Two key questions:
I When is g0 identified?
I When can we construct a consistent estimator for g0 ?
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Finite-Support Setting
Suppose that X and Z have joint distribution that is discrete with finite
support. Take {ξj , j = 1, . . . , J} and {ϑk , j = 1, . . . , L} denote the
support points for X and Z , respectively, where
π := vec(E [y |Z = ϑk ]),
P := [P(X = ξj |Z = ϕk )].

(3)

Note that π and P are identified as unique functions of the data.
Identifiablity of g := vec(g(ξj )) is equivalent to uniqueness of a solution
to
π = Pg.

(4)

Hence, g is identified if and only if rank P = J = dim g. Notice that this
requires L = dim π ≥ dim g = J.
When g is identified, it can be consistently estimated by replacing π and
P by their sample analogues and solving for ĝ (when J = L) or using a
minimum chi-square procedure (when J < L). See also Das (2005).
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The Ill-Posed Inverse Problem
Bad news: The simple structure of the finite-support example does not
generalize to X , Z being (partially) continuous.
Consider again the integral equation
Z
π(Z ) := E [Y |Z ] =

g0 (x )dF (x |Z ).

(5)

This is a generalized version of a Fredholm equation of the first kind.
The inverse problem for g0 is well-posed if it has a unique solution g0 for
all π and this solution depends continuously on π. In this case, g0 is
stable w.r.t. small changes in π. If it is not well-posed, it is ill-posed.
It is this instability that is a key concern. Notice that as a consequence of
p
p
ill-posedness, En [Y |Z ] → E [Y |Z ] and Fn (X |Z ) → F (X |Z ) do not imply
p
ĝn → g0 (even if g0 is identified!).
Intuition from Blundell and Powell (2006): This is a functional analogue
to the problem of multicollinearity in linear regression, where large
differences in regression coefficients can correspond to small differences in
fitted values.
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Nonparametric First Stage
So how can well-posedness (= identified + stable) be ensured?
Can restrict allowable functions g. E.g., g0 (x ) = x > β0 . Then the integral
equation reduces to
E [Y |Z ] = E [X |Z ]> β.

(6)

Notice
E [Y |Z ] = E [X |Z ]> β
⇒ E [X |Z ]E [Y |Z ] = E [X |Z ]E [X |Z ]> β


⇒ E [E [X |Z ]E [Y |Z ]] = E E [X |Z ]E [X |Z ]> β,

(7)



where E E [X |Z ]E [X |Z ]> is invertible if E [X |Z ] is not perfectly
collinear.
Notice that

 stability is implied as long as the singular values of
E E [X |Z ]E [X |Z ]> are sufficiently far away from zero.
While this is semi-parametric, it hardly seems in the spirit of what we set
out to do.
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Completeness
For identification, Newey and Powell (2003) leave g0 unrestricted and
instead place restrictions on F (X |Z ). They leverage the notion of
completeness in Z of the conditional distribution of X given Z , which is
equivalent to identification of g0 :
Proposition 2.1 in Newey and Powell (2003): If equation (2) is satisfied,
then g0 is identified if and only if ∀δ(X ) : E |δ(X )| < ∞, it holds that
E [δ(X )|Z ] = 0 ⇔ δ(X ) = 0.
Loosely:
Z
@g̃ 6= g : π(Z ) = g̃(x )dF (x |Z )
Z
⇔ @g̃ 6= g : (g̃(x ) − g0 (x )) dF (x |Z ) = 0
Z
⇔ @δ 6= 0 : δ(x )dF (x |Z ) = 0

(8)

The questions then becomes: What kind of distributions F (X |Z ) are
complete in Z and do they appear reasonable in economic applications?
Definition of completeness
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Completeness (Contd.)
Newey and Powell (2003) give a sufficient condition for identification:
Theorem 2.2 in Newey and Powell (2003): If (2) is satisfied, with
probability one conditional on Z the distribution of X is absolutely
continuous with density


f (x |z) = s(x )t(z) exp µ(z)> τ (x ) ,

(9)

s(x ) > 0, τ (x ) is one-to-one in x , and the support of µ(z) is an open set,
then g0 is identified.
Here, the conditional distribution of X given Z is assumed to be an
exponential family distribution (e.g., Gaussian).
But not all “reasonable” distributions are exponential family distributions.
Gaussian mixtures, for example, are not in the exponential family.
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Completeness (Contd.)
Of course, sufficient conditions are not (necessarily) necessary. So there
might be hope.
Note that completeness is a restriction on the conditional distribution
F (X |Z ), which is identified from the data. Canay et al. (2013) consider
whether it is possible to test the H0 that a completeness condition does
not hold against the H1 that it holds. They derive an impossibility results
(under “commonly imposed” restrictions).
Importantly, nontestability of completeness does not imply that the
assumption is false, but it does suggest that it is prudent to justify their
use with alternative arguments in favor of their validity. E.g., does
completeness hold for a sufficiently general class of distributions that are
reasonable in economic applications?
Andrews (2017) gives examples of distributions that are L2 -complete.
Note also that completeness (or point identification) are not necessary for
conducting nonparametric inference in models with endogeneity.
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Estimation in Newey et al. (1999)
Suppose now that we can assume completeness of F (X |Z ) in Z such
that g0 is identified. We still need to worry about ill-posedness so that a
consistent estimate can be obtained.
Newey and Powell (2003) assume g0 belongs to a compact set. This
approach eliminates the ill-posed inverse problem because it implies
continuity of the inverse. (Arguments from functional analysis are
necessary here. Very loosely: the integral is itself a map between two
function spaces. If the domain (the space of g0 ) is compact and the
range (the space of π) is a metric space, then the inverse of the integral
is continuous by, e.g., Theorem 26.6 in Munkres, 2000.)
The estimator is a bit involved (and ex ante appears sensitive to
regularization parameters). We’ll skip it here. See Section 3 in Newey
and Powell (2003) for details.
There’s a “modern” estimator in framework of Newey and Powell (2003)
using deep neural networks: Hartford et al. (2017). There’s no discussion
of consistency or inference (as seems standard in ICML publications), but
it’s a fun read nevertheless.
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Nonparametric control function
Consider the triangular system of equations of Newey et al. (1999):
Y = g0 (X ) + U
X = Π0 (Z ) + V

(10)

E [U|V ] = E [U|V , Z ]
E [V |Z ] = 0,

where X is a vector of endogeneous variables, Z is a vector of
instruments, Π0 is an unkown function, and V is a vector of disturbances.
Then
E [Y |X , Z ] =g0 (X ) + E [U|X , Z ]
=g0 (X ) + E [U|V , Z ]
=g0 (X ) + E [U|V ]

(11)

=g0 (X ) + ν(V )
⇒ Y

=g0 (X ) + ν(V ) + ε,

E [ε|X , V ] = 0

Notice that Π0 (Z ) = E [X |Z ] is identified so that V is identified.
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Nonparametric control function (Contd.)
Newey et al. (1999) provide various sufficient assumptions under which
g0 is identified. These conditions ensure that V and X are sufficiently
distinct.
Theorem 2.1 of Newey et al. (1999): g0 is identified, up to an additive
constant, if and only if P(δ(X ) + γ(V ) = 0) = 1 implies there exists a
constant cg such that P(δ(X ) = cg ) = 1.
For intuition, suppose that identification fails. Then, by the theorem,
there are functions δ(X ) and γ(V ) such that δ(X ) + γ(V ) = 0 and δ(X )
nonconstant. This implies a degeneracy in the joint distribution of these
two random variables. Absence of such an exact relationship will imply
identification. A sufficient condition is given by the following theorem:
Theroem 2.3 of Newey et al. (1999): If g0 , ν, Π0 are differentiable, the
boundary of the support of (Z , V ) has zero probability, and
Π0 (Z ) = dim X , then g0 is identified.
This is a nonparametric generalization of the rank condition in TSLS.
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Estimation in Newey et al. (1999)
The estimation of the Newey et al. (1999) is rather straightforward:
1: Required input: (Y , X , Z ) the data, L the order of basis expansion in
the first stage, (KX , KV ) the order of basis expansions in the second
stage;
2:
3:
4:
5:
6:
7:
8:
9:
10:

procedure
ZL ← BasisExpand(Z , L)
θ̂L ← (ZL> ZL )−1 ZL> X
V̂ ← X − θ̂L> ZL
XK ← BasisExpand(X , KX )
V̂K ← BasisExpand(V̂ , KV )
X̃K ← [XK , V̂K ]>
[θ̂g , θ̂ν ] ← (X̃K> X̃K )−1 X̃K> Y
Return: θ̂g , θ̂ν

. Obtain basis functions of Z
. Estimate Π0
. Obtain basis functions of X
. Obtain basis functions of V̂

We can thus compute ĝ(x2 ) − ĝ(x1 ) = θ̂g> (x2K − x1K ), where x2 and x1
are values of interest (e.g., status quo and policy proposal) and the
subscript K denotes the corresponding basis expansion.
Notice that stability depends on the singular values of (X̃K> X̃K ).
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Notes on Completeness

back to main slides

Definition: A family P of probability distribution P is complete if
EP [f (X )] = 0, ∀P ∈ P

⇒

a.e.

f (x ) = 0.

(12)

Theorem 1 in Lehman (1959): Let X be a random vector with probability
distribution
" k
#
X
dPθ (x ) = C (θ) exp
θj Tj (x ) dµ(x ),
(13)
j=1

and let P T be the family of distributions of T = (T1 (X ), . . . , Tk (X )) as
θ ranges over the set ω. Then P T is complete provided ω contains a
k-dimensional rectangle.
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