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Recap

The review of probability theory introduced a formal language for
characterizing uncertainty.

> Introduced random variables and their probability distributions;
> Developed concepts to describe features of random variables;

> Discussed restrictions on the joint distribution of random variables.

With our toolbox, we can return to the returns to education example.

> Under the random assignment assumption, we can show that
Eulg(L,U) —g(0, U)|W =1] = Ey[Y|W = 1] — Ex[Y|W = 0],

where Ey[Y|W = 1] and Ey[Y|W = 0] are features of the joint
distribution of the observables (Y, W).

Note that Ey[Y|W = 1] and Ey[Y|W = 0] are theoretical concepts.

> Statistics forms a bridge between random variables and data.
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Outline

1. Estimators

2. Finite Sample Properties
> Bias

> Variance

> The Bias-Variance Trade-Off

3. Large Sample Properties
> Consistency

> Asymptotic Distribution

4. On the Interpretation of Estimates

These notes benefit greatly from the exposition in Wasserman (2003) and the
lecture notes of Prof. Max Tabord-Meehan.
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Random Sampling

Consider independent random variable Xi,..., X, with X; ~ F;, Vi.

> When F; = F,¥Vi=1,...,n, we say that Xi,..., X, are independent
and identically distributed (iid).

> To denote an iid sample of size n from F, we write

X, X, S F. (1)

Example 1
Consider X1 ~ N(p1,0%) and Xo ~ N(puz,05).

> If X; 1L X5, then X; and X, are independent.

> If (u1,0%) = (u2,05), then X; and X, are identically distributed.

> If Xy 1L Xp and (p1,0%) = (u2,05), then X; and X, are iid.
Notation: Instead of (1), we also sometimes write X1, ..., Xn o X. So X may denote

a random variable or its distribution.
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Estimators

Statistics is concerned with learning about the distribution from F using
a sample Xi,..., X, ~ F.

> We will (for the most part), consider iid-samples.

Instead of fully characterizing F, the focus often lies on features of F.

> Features of interest are called parameters.

> For example, we may be interested in u = E[X] where X ~ F. Here,
(4 is the parameter of interest.

An estimate is a “guess” for the value of the parameter of interest.

> An estimator is a function of the sample whose value serves as a
“guess” for a parameter of interest.

> For example, if 4 € R and supp X; = IR, Vi, then an estimator for u
is a function fi,(X1, ..., Xs).

> Importantly: p is a number but /i, is a random variable.

Notation: Subscripts on expectation operators or distribution functions are omitted
from now on whenever the context is clear.
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Estimators (Contd.)

Example 2
Consider a sample X1, ..., X, = F. An estimator for F(x) =P(X <x)is
given by

n

Fl) = = 31X < x}, )

i=1

that is, the share of the sample below x is a “guess” for P(X < x).

The estimator I?n is called the empirical CDF.

The empirical CDF leads to a class of estimators that are know under the
sample analogue principle.

> Suppose we are interested in a feature of F. The sample analogue
principle suggests using the analogous feature of F,, as an estimate.
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Estimators (Contd.)

Example 3

Consider a sample Xi,..., X, N F. Let i = E[X] denote the parameter

of interest. The sample analogue principle suggests the estimator
1 n
fin = E,[X] = n ;X;, (3)

where E, denotes the expectation with respect to the empirical CDF I?,,.

Similarly, if the parameter of interest is 02 = Var(X), the sample
analogue principle suggests the estimator

2= E1-E0x) = 4747 - ($Tx) (4)

Locells  \for(0) = B[] - B
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Estimators (Contd.)

The sample analogue principle is not the only approach to constructing
estimators. Another frequently encountered class of estimators are
extremum estimators, defined as the minimizers of a loss-functions.

Example 4

: jid
Consider a sample Xi,...,X, ~ F and let u = E[X] denote the
parameter of interest. Define an estimator

n
fin = arg min Z(X,- — )2 (5)
peR gy
Taking first order conditions, we have

0= 23(K-u) = 1K= ZM ="
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Estimators (Contd.)

For a given parameter, there infinitely many possible estimators.

Example 5

Consider a sample X1, ..., X, = F and let = E[X] denote the
parameter of interest. Each of the following are estimators for p :

> “(1)—0
D,LA&) X1;

~(3)

( _121 1X

> ,&5,4) = —5 D11 X; for some fixed A € R.
Which one do you like best?

Statistics provides tools that allow for comparisons of estimators.

> Allows for selecting the "best” (or — at least — a “good enough™)
estimator.

Wiemann Properties of Estimators 10 / 60



Sampling Distribution

Recall that an estimator is a function of random variables and hence itself
a random variable.

> The sampling distribution of an estimator is a name for its
distribution.

Comparisons of estimators are analogous to comparisons of (features of)
their sampling distribution.

> The sampling distribution often depends on the sample size n.

Consider an estimator 0,, for some parameter 6 of a distribution F.
> Finite sample properties describe features of the distribution of 0,.
These properties hold for any sample size n € IN.

> Large sample properties describe features of the asymptotic
distribution of #,. These properties hold approximately for large

enough sample sizes n.
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Bias

We begin with describing the expected deviations of the estimator from
the true parameter.

Definition 1

The bias of an estimator 9A,, for 0 is defined as
Bias(0,) = E M 0. (6)

The estimator is said to be

N

> unbiased if Bias(6,) = 0;
> downwards biased if Bias(0,) < 0;

N

> upwards biased if Bias(6,) > 0.
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Bias (Contd.)

Example 6

Consider the estimators ,LL,(~, ),,uf,z),,ug,?’) and [ip,

Bias(fitV)) = E[Oj—-/u = M

0 of Example 5. We have

Bias(i7) = E[X| -u= M= 0

Bias(iY) = B[ 3 T |- =z Blx) so = o 2ELA =

Note that the Bias of ,ug,) depends on the unknown parameter L.

Wiemann Properties of Estimators 14 / 60



Bias (Contd.)

Example 7

Consider the estimator 62 defined in Example 3. We have

R ] 1 7 I

2= lap (k) - 1 7x T TN
= ZX,'Z‘ :z(?"f 7 izjz#ix'-)())
— (L 1 \- -
“(l'ql)l’(;l - %iLZ Xl')(_,

>y
and
. A v-ly -
Bias(52) = 7)2E[K;’}—M1LL E[P(Xl Va (%)
i 5¥

- ﬂ:"z":‘fﬂ,’ll ‘;"?2; [X] l/w/)()

n

K] - VL@ Elx]? - Vo (x)
Y (BIAT -BLxTY) = Vo) = (557) Vaw(8) - Ver ()= S¥alX)

Can you construct an unbiased estimate for Var(X)?

n A
)
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Estimation Variance

Example 6 showed that very different estimators can have the same bias.

> Require other features of the sampling distribution to make
comparison useful.

Another key property of an estimator is its variance:
A A A N2
Var (9) —E [(9 _ E[en]) ] (7)

> Describes deviations from the expected value of the estimator.

> The expected value of a biased estimator is not the true parameter.
Figure 1 illustrates why considering both bias and variance is useful for

distinguishing estimators.

> Draws from the sampling distribution of the estimators of Example 5.
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Estimation Variance (Contd.)
Figure 1: Draws from Sampling Distributions of Estimators

0.5
0.0 A
-2 2 4

) 0 as) 2 4 ) 0 ﬁ?) 2 4
Notes. Histograms of ,&5,2), ,125,3) and [1,5,4) of Example 5 where n = 10 and (1, 0?) = (1, 1). For /15,4),
| set A = 1. You can find the corresponding code on GitHub: lecture_plots.R.
18 / 60
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https://github.com/thomaswiemann/econ-21020/blob/main/lecture_plots.R

Estimation Variance (Contd.)

Example 8

Consider the estimators ,u% ),/A?),ME?) and ,u( ) of Example 5. We have
Var (i 1/&/[0) =0
Var(5®@) = Ve (X)) = Vor (k) = T
Var \/&/["LLX _L‘/M[ZX,‘),;:’ OV(X) :/VCV[X)

Var( ) Vcw(—-zl ,)“'1\/&/[“\ i) :(I‘ﬂ'LVw( ,) o )} \/CVO()

G +2)
1

= (m*:l)?' 7

Note that the variances of ,ug, ),,ug, ), and u( ) depend on the unknown

parameters (1, 02).
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The Bias-Variance Trade-Off

A popular criterion for evaluating estimators is the mean-squared error:

MSE (e) —F [(9 _ 9)2] . (8)

> Describes the squared deviations of 0, from the true parameter.

The next result shows that the MSE is a one-number summary of the
bias and variance of an estimator.

Corollary 1

Let HA,, be an estimator for 6. We have
MSE (9,,) — Bias (QA,,>2 + Var (én) : (9)

Proof. €((4, -6} - E[(6.-£[8) +B[6.]-6)]
=E[(8.- 0.0 ]+ 2(E(8.1- 0B 6, -€[d.)) +([E[4.)-6)
W ————

S——

- =0 — - 2 2 []
Wiemann - \/W(‘é,, j Properties of Estimators - 6“"/’( €.) 21 /60



The Bias-Variance Trade-Off (Contd.)

Example 9

Our analysis suggests that we may prefer ,u,(q) to ,&22).

> Both are unbiased but Var(,u,7 ) > Var(,uf7 )).

But Figure 1 also suggests that we may prefer /Lf,) to ,ug,) for small \.

> Even though B/as(un ) < B/as(ﬂg, )), we may find the difference in

Var(ﬁ$72)) and Var(ﬂ$,4)) sufficiently large to prefer the latter.

Calculations in R show that for the setting of Figure 1, we have:

> MSE( (1)) — 1.00: MSE( (2)) ~ 0.97:

> MSE (,35,”) ~ 0.10; MSE( (4)) ~ 0.09.

Note: These are results for a specific parameter values (u, o?).
Simulation are not mathematical proofs!
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Large Sample Properties

Note that in Examples 5 and 8 depended on unknown parameters (1, 02).
> Bias(,&ff)) depends on y;
> Var(7$?) and Var(2$) depend on o2
> Var(ﬁ£,4)) depends on (u, o?).

Without knowledge of the parameters that we want to estimate, we can't
rank our estimators is terms of the MSE!

Instead of the (often) impossible question
> “Which estimator is best (or: ‘good enough')?”
we instead attempt to answer the question

> “Which estimator will eventually be best? (or: ‘good enough')”

Here, “eventually” considers gathering more and more observations.
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Large Sample Properties (Contd.)

It turns out that we can make statements about the eventual
characteristics of estimators in many settings without knowledge of the
parameters of interest.

We rely heavily on two notions of convergence of random variables:

> Convergence in Probability;

> Convergence in Distribution.

Using these concepts, we study

> the consistency of an estimator, which checks whether it will
eventually be arbitrarily “close” to the true parameter value;

> the asymptotic distribution of an estimator, which approximates its
sampling distribution when n is large.
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Convergence in Probability

Recall convergence in the context of sequences of real numbers:

> Consider x, xq,...,x, € R. We write x, — x if
Ve >0,dAN. e N: |x,—x|<e, Vn>N..

Convergence in probability generalizes this notion of convergence to
sequences of random variables.

Definition 2 (Convergence in Probability)

Let Xi,...,X, be a sequence of random variables, and let X be another
random variable. We say X, converges in probability to X if

Ve >0, P(|X,—X|>¢e)—0, asn— oc. (10)

We write X, = X.

In words: If X, 2 X, then X, deviates from X by no more than ¢ with
large probability as n — oo.
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Consistency

We consider convergence in probability to analyze whether an estimator
0, for 8 will eventually be arbitrarily close to the true parameter value.

Definition 3

We say an estimator g, for a parameter 6 is consistent if

0, > 0. (11)

Consistency is often considered a minimum requirement for an estimator.

> If the estimator is not arbitrarily close to the true parameter even
with infinitely many observations, then there is little hope that it will
be reasonably close when the sample size n is finite.

> No inconsistent estimator is considered to be “good enough.”

Note: Equation (11) implicitly considered n — oo. Unless otherwise stated, we always
consider n — oo in this course.
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Consistency (Contd.)

Example 10

~(1)

Consider the estimators /i, and ,&572) of Example 5. We have, Ve > 0,

(\Ml)—ul >€> ZP(}O~//>E) 9@ O

PIBD —ul>e) = plix-pul>e) 26 O

Hence, neither ,u( ) nor ,L“LS,Z) are consistent estimators of L.

> Since neither estimator meets the minimum requirement, we won't
consider them any further.
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Weak Law of Large Numbers

To show consistency of less trivial estimators, we need new technical
tools. The most important is the Weak Law of Large Numbers:

Theorem 1 (Weak Law of Large Numbers; WLLN)

Let X1,...,X, Y X be a random sample. Then

%ix,- 5 E[X]. (12)

In words: As n — oo, the sample average concentrates around its mean.

Example 11

Consider the estimator ,EL$,3) of Example 5. By the WLLN,
S
so that ﬂg’) is a consistent estimator of y.
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Weak Law of Large Numbers (Contd.)

To proof the WLLN, we make use of the following intermediate result:

Lemma 1 (Chebyshev's Inequality)

Let X be a random variable. Then,

2
Ve > 0, P(|X|>e)<E£X]. (13)
Proof. 2
)szelQ/ ‘4/{/X’>&} P 'ZZ /QVZE > O
6 d lesif /‘&w*’f{lﬂ?ﬁ}=05 152"
L v/ x>t , rﬁwﬂ{:xwt‘r’lé(%)(f): ?‘c:
PCixi>e) = Bl xi-er) ¢ B 51 = =X .

Wiemann Properties of Estimators 30 / 60



Weak Law of Large Numbers (Contd.)

We now return to the proof of the WLLN.
Proof.

Vg/>0/ ‘D( } 'iTZ_ )(; __E[Xli > 5) < E[(‘,l,, ZX;'L’E[X])LJ

3
_ Ve (47x;)

= ik

= Y ;5 g

T
M

ce-7 =) p0
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Weak Law of Large Numbers (Contd.)

Examples 10 and 11 discussed consistency of the estimators ,us, ), ,uff),

and ,u( ) of Example 5. What about ,u( )7

Note that

1 <« 1 —
AZx,-:nim;x,, (14)

i=1

so that ﬂ$74) i

n
i=1

The WLLN provides considers convergence in probability of the sample
average. Now, we need tools to:

> derive convergence in probability of random vectors;

> derive convergence in probability of functions of random vectors.
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Joint Convergence in Probability

Definition 4
Take k € N and let X, = (X1.ny---sXk.n), n > 1, be a sequence of
random vectors, and let X = (X1, . , Xk) be another random vector. We

say X, converges in probability to X if

k
Ve>0, P Y (Xn—X)>ec|—=0, asn—oo.  (15)
j=1

We won't require using Equation (15) directly due to the following result:

Theorem 2

Take k € N and let X, = (X1,ny -+ Xk,n), n > 1, be a sequence of
random vectors, and let X = (X1,...,Xx) be another random vector.
Then

~

Xin 2 X,Vji=1,....k = X,5X. (16)
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Continuous Mapping Theorem

The following theorem delivers a powerful tool for proving convergence of
any continuous functions of sample averages.

Theorem 3 (Continuous Mapping Theorem; CMT)

Let X,,n > 1, be a sequence of random vectors, and let and X be
another random vector. If X, 2 X, then

g (Xa) = g(X), (17)
for any function g that is continuous at g (x),Vx € supp X.

Example 12
Let A, B ac R and B, & b e R. Consider g(a, b) = a/b. Then

g (An, By) = g(a, b), (18)
by the CMT as long as b # 0.
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Continuous Mapping Theorem (Contd.)

Example 13

&) P

Consider ,u( ) from Example 5. We show [ip, 1 in four steps:

1. Oz/,,«(, /4—.4«; ad 6, = (T,‘Zk(l
L efon plab)e @b gldyn,) =

P/‘m C&Z‘ygy / JA/I — I

4. by CMT,
§ (A, B,) = 1-€0x] = E[x)

Y E[x) e IR
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Continuous Mapping Theorem (Contd.)

Example 14

Consider 52 defined in Example 3. We show /42 % & in four steps:

Qecel: [77=[row - (Ran)™
1 WRefe A, 2 5207 aud b, 202% .
2.y lal) > ek, g Ba)s [T
3. 18y weed,
O An B L[47]
L> 6.4 5 E[X]
G. &5 CUT,

7 BNV Efx): Bl - E[x]2 O,

Wiemann Properties of Estimators
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Convergence in Distribution

Examples 11 and 13 showed that both ,&S?) and ,L“L,(,4) are consistent for 6.

> But: Consistency does not imply that the choice of estimator is
irrelevant even for large n: Could have different variances.

We introduce the concept of convergence in distribution:

> Allows to assess dispersion of estimators as n grows large.

> Allows to make approximate probability statements about estimators.

Definition 5 (Convergence in Distribution)

Let X,,n > 1, be a sequence of random variables, and let X be another
random variable. We say X,, converges in distribution to X if

P(X,<t)—P(X<t), Vtel. (19)

We write X, 4 X,

In words: If X, 4, X, then the distribution of X,, is approximately equal
to the distribution of X for large n.
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Central Limit Theorem

The next result is a powerful tool for deriving the asymptotic distribution
of sample averages.

Theorem 4 (Central Limit Theorem; CLT)

Let Xi,...,X, Y X be a random sample. Then

\/ﬁ (% Z;’:l Xi — /“L) i N(O, 1)7 (20)

o

where . = E[X] and o0 = sd(X) > 0.

In words: As n grows large, the distribution of the sample average is
approximately normal.

> Remarkable because we have not assumed that X is normal!

\/ﬁ(% 2;1 X"_“) d

Notation: We could have stated Equation (20) instead as — Z,

g
where Z ~ N(0,1). As before, we may occasionally use random variables and their

distributions interchangeably.
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Central Limit Theorem (Contd.)

Example 15

Consider ,&5,3) from Example 5. By the CLT, we have

Vn (ﬂff) —

o

) < N(0,1). (21)

Hence, for large n, we may approximate the distribution of ,&5,3) with

N (u, o*/n). (22)

Note that (22) is of little practical help unless we may substitute
parameter estimates for the unknown parameters.
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Slutsky’'s Theorem

Good news: The result of the CLT continues to hold when parameter
estimates are substituted for unknown parameter values.

Theorem 5 (Slutsky's Theorem)

Let A,,n > 1, and B,,,n > 1, be sequences of random variables. Let A be
another random variable and b € R. If A, 9 A and B, 2 b, then

By + Ay 5 b+ A, (23)
and
BaA, % bA. (24)

If in addition b # 0, then also

An/By 3 A/b. (25)
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Slutsky's Theorem (Contd.)

Example 16

Consider 6 o and ,u,(q) from Example 3 and 5. Consider

L, ﬁ(ﬂ?)—u) o ﬁ(ﬂ?)—u)

Tn On o

A, so that Slutsky's suggests taking A, =
2. b, LT, A, < 40, 1)
3.6y uts v CHUT, L, 2o | Fr>0 (Se

By SQJM/
B, A &> 1 u00,1) 2 M00,)).
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Slutsky's Theorem (Contd.)

Example 17
Consider 62 and ,uf,) from Example 3 and 5. We want to show that
Vn (ﬁgf) — u) J
- — N(0,1).
On

_ Moy
Nehave o (2 Lan, )z, = (a2t ~aaf riat A3,

= n W (S1x )y ()5,
n+l W \—/'Yv_/

S buepbe = //( W,z)/@
-0 -’70"’ b; EK}?

F( AC?)
G Sl 4 Mgy + 92 ///@ ).
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Standard Errors

Informally, Examples 16 and 17 show that the sampling distribution of
~2

the estimators can be approximated with N(gu, =2). For this purpose,
practitioners often use so-called standard errors.

Definition 6 (Standard Error)

Let HA,, and &, be estimators such that

v (i) < N(0,1). (26)

N

On

The standard error of 9A,, is defined as

se (én) = \6/%. (27)

For large n, we may approximate the sampling distribution of an estimator
0, for 0 with \/n—normal asymptotic distribution by N(6, se(d,)?).
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Confidence Intervals

Researchers often construct asymptotic confidence intervals to succinctly
characterize the approximate sampling distribution:

Theorem 6
Let 0, be an estimator for 0 such that (26) holds. For o € (0, 1), consider

C, = [é,, — 71 ase(fy), O+ zl_%se(én)} , (28)
CH= [é,, — 71_ase(dy), oo) | (29)
Cr = (—oo, b, + zl_ase(é,,)} , (30)

where z;_, = ®~1 (1 — a) is the 1 — a quantile of a standard normal.
Cn, Ct and C. are asymptotically valid 1 — « confidence intervals. I.e.,

Pl e C)—1—a, (31)

for C, = C,, C+, C.
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Confidence Intervals (Contd.)
Proof.

We prove the theorem only for the symmetric confidence interval C,.
Proofs for CI and C, are left as a self-study exercise.

P(@EC) ;ﬂ(@ ~%uje(é)$@<@ vz 456[6))

-Z = Se;é’,,) =%
= @—9 ©., €
(se(éJ <%-%‘)‘f(fcp(7,)£%1%‘)
D P2 o) -F25m2,,) LELD

— &, -
- ﬁ)(zl-‘* —@(a,_%) <)

))
g
=

)]
IR
~—

)
>
\
s
_d’

(.l)
—
b
e:ﬂ
]|
\"%!
~-
O

- —z)\( | = (I-8)) = )=«
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Bivariate Central Limit Theorem

Slutsky's Theorem considered the joint convergence of sequences of
random variables when one of the sequences converges to a constant.

> Need tools to understand joint convergence when both sequences
converge to a random variable. Fortunately, we have the next result:

Theorem 7 (Bivariate Central Limit Theorem)

& & iid .
Let Xi,..., X, ~ Y be a sample or bivariate random vectors where

Xi = (X1, X2,;) and X = (X1, X2). Then
= = d

=N X - N(0, %), 32

(335 u) 4 wo) )

where 1 = E[X] and

(33)

T = Var(X) — [ Var(Xy) Cov(Xl,Xg)] |

COV(Xl, Xg) Var(Xz)
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Bivariate Central Limit Theorem (Contd.)

Example 18
iid

Consider a sample (Y1, X1),...,(Y1,X1) ~ (Y, X) where
X ~ Bernoulli(p) with unknown p € (0,1). Suppose we are interested in
the joint distribution of the estimators

E,[YX] = ZYX,, and E,[Y(1-X)] == ZY . (34)

By the (bivariate) CLT, we have

(el Bl 4%/@/ )

RAAUE Ef y¢1-%))

/ Z B I\/or[)’)() C (2K, 7(1*"))(3
W/ -
Coul g 70-0)) Ve (VL))
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Bivariate Slutsky's Theorem

As was the case with the univariate CLT, it's bivariate analogue is
particularly useful when combined with a Slutsky-type result:

Theorem 8 (Bivariate Slutsky's Theorem)

Let A,,n> 1, and B,,, n > 1, be sequences of bivariate random vectors
varieglb/es. Let A be another bivariate random vector and b € R?. If
A, S Aand B, > b, then

A, +B, %5 A+b, (35)
and

BT A, % bTA. (36)
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Bivariate Slutsky's Theorem (Contd.)

Example 19

Let A,,n>1 and B,,n > 1 be sequences of bivariate random vectors
such that A, N(0,X) and B, % b € R2. By Slutsky’'s Theorem,

d

BTA, % bTN(,Z) < N0, b Eb),

where the last equation follows from Lemma 4c of Lecture 2A.

Suppose now that Z,,n > 1, such that Z, A N(O, /), and S, n>1isa
sequence of estimators such that f;l exists and ¥, > ¥. By the CMT,

T’A‘% -— -
R i 6 LTy

whenever ¥ 1 exists. Hence, by Slutsky's Theorem,

At T £ 4 .
872, ST M) L b)) = Mo, V).

e\—
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Bivariate Slutsky's Theorem (Contd.)

Example 20
Consider the setting of Example 18 and construct the estimator
11" [ EJ[YX]
el - Eva-x= | 4] [ 50 e

Hence, it follows from Example 18 and Slutsky's Theorem that
T (%m; eL7x] A ~
W S/ ’S ._&[ j) ~) T =\
[— !] LLY0-n) W (0] V4 ( O/H ‘ L'D ‘
T~ W[ Ve (71)  Con CI-%) \
T
Coryx, 71-%) Vel yCI-4)) )L

= Vel 1) 4 Wl f1)) =2 Gl €y 1)
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Outline

1. Estimators

2. Finite Sample Properties
> Bias

> Variance

> The Bias-Variance Trade-Off

3. Large Sample Properties
> Consistency

> Asymptotic Distribution

4. On the Interpretation of Estimates
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On the Interpretation of Estimates

Thus far, we have exclusively discussed estimators 6,, for a parameter 6.

> @, is a function of the sample Xi,..., X, ~ X and thus random.

> How does real-world data come in?

Data is a realization of our sample Xi,..., X,.

> The data we have collected is the collection of numbers: xq, ..., x,.

An estimate is a realization of our estimator 6,:

> The estimator én(Xl, ..., X,) is a random variable;

> The estimate QA,,(xl, ..., Xp) is a number.

This distinction between estimators and estimates can lead to confusion.

> We can make probabilistic statements about 0,(X, ..., X;).

> We cannot make probabilistic statements about 0,(x1, ..., X»).

Notation: To make matters worse, 0, often denotes both the estimator (random) and
the estimate (fixed), so that you have to figure it out yourself from context!
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On the Interpretation of Estimates (Contd.)

The confusion between estimators (random) and estimates (fixed) is
particularly severe in the context of confidence intervals.

Recall that an asymptotic 1 — a confidence interval is such that

PO e C)—1-—a.

Let ¢, denote a realization of C, (i.e., what you computed using data).
> It is correct to say C, covers 6 w.p. (tending to) 1 — a.

> It is incorrect to say c, covers 6 w.p. (tending to) 1 — a.

> P(0 € c,) =1{0 € c,} € {0,1}. This is a comparison of numbers!
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On the Interpretation of Estimates (Contd.)

Statistics courses often introduce the idea of repeated experiments to
interpret confidence intervals:

> “If | were to repeat the same experiment again and again, each time
computing a 1 — « confidence interval, then the confidence intervals
would cover the true parameter 100(1 — )% of the time.”

This interpretation is correct but requires some mental gymnastics.

> The same experiment is seldom repeated many times.

> Only hypothetically reassuring.

A more useful interpretation is the idea of many unrelated experiments:

> In your career, you are going to calculate many 1 — a confidence
intervals for unrelated parameters. Of these confidence intervals,
100(1 — «)% cover the corresponding true parameter.

What does this tell you about whether a specific 8 is in a computed ¢,?

> Nothing! You are correct 100(1 — «)% of the time, but you'll never
know when. (If you're discontent: Check out Bayesian statistics.)
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On the Interpretation of Estimates (Contd.)

Example 21

Consider ,&5,3) from Example 5. Suppose that we collected data and that

> o) = 10;
> se(,&f?)) = 3.

Then, an asymptotic 1 — « confidence interval given by

= (10-253, 100 2 5\ ¥ 2521 % @

Here ¢, denotes a realization of the confidence interval C,:
> We've collected data (a realization of our sample);

> Computed the estimator ,&f{%) and its standard error se(,aff));

> Calculated a 1 — « confidence interval c,,.
What is P(0 € c,)? Tr&(/{ W! We O&Mu /bvmw./
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On the Interpretation of Estimates (Contd.)

Example 22

The GRE is a standardized test required for admission to many graduate
programs in the US. Test-takers receive three scores (Verbal, Writing,
and Quantitative). Below is a screenshot from their documentation.

Table SA: Reliability Estimates and Standard Errors of Measurement (SEM)*
for Individual Scores and Score Differences for the GRE® General Test

Score Reliability Estimate sl ol ULl

Individual Scores Score Differences
Verbal Reasoning 0.93 2.4 34
Quantitative Reasoning 0.95 l 2.2 l 3.1
Analytical Writing 0.87 30 0.43

(Don’t get confused by the different terminology: SEMs are essentially

the same as the standard errors discussed earlier.)

Suppose that a student received a quantitative score of 153 (out of 170).

Then a 95% confidence interval for her “true score” is given by
=[53-1 56:-1.0, [S3+1.9620]= [les ,157]
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On the Interpretation of Estimates (Contd.)

Example 22 (Contd.)

How difficult is it to get the interpretation of asymptotic confidence
intervals correct?

> It turns out: Difficult enough for the GRE...

In the “GRE Guide to the Use of Scores” (link), they write:

> “consider a test taker who obtained a GRE Quantitative test score of
153. [...] we can be 95% confident that the test taker’s true score
would be between 149 and 157."

This is precisely the incorrect interpretation of confidence intervals!

What makes this more amusing is that the title of the corresponding
section is “Interpret GRE Scores Carefully [...]".

(We all need a little bit of joy in our life, but typically it's appreciated
when you don't make too much fun of others’ statistics skills.)
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Summary

This concludes the Part A of our statistics review.

> Introduced the sample analogue principle to develop estimators;

> Discussed finite sample properties of estimators, in particular, their
bias, variance, and MSE;

> Generalized the concept of convergence to random variables via
convergence in probability and convergence in distribution;

> Studied large sample properties of estimators, in particular, their
consistency and asymptotic distribution.

A key insight was that under fairly general conditions, approximate
probabilistic statements about estimators can be made using their
asymptotic distribution.
> In Part B, we discuss how estimators and their (approximate)
sampling distributions can be leveraged to assess whether the true
parameter 6 takes a particular value, say, 6.

> This is known as hypothesis testing.
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